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Abstract Time-averaged suspended sediment concentration profiles across the surf 
zone were measured in a large-scale three-dimensional movable bed laboratory facility 
(LSTF: Large-scale Sediment Transport Facility). Sediment suspension under two different 
types of breaking waves, spilling and plunging breakers, was investigated. The magnitudes 
and shapes of the concentration profiles varied substantially at different locations across the 
surf zone, reflecting the different intensities of breaking-induced turbulence. Sediment sus-
pension at the energetic plunging breaker-line was much more active, resulting in nearly ho-
mogeneous concentration profiles throughout most of the water column, as compared to the 
reminder of the surf zone and at the spilling breaker-line. Four suspended sediment con-
centration models were examined based on the LSTF data, including the mixing turbulence 
length approach, segment eddy viscosity model, breaking-induced wave-energy dissipation 
approach, and a combined breaking and turbulence length model developed by this study. 
Neglecting the breaking-induced turbulence and subsequent sediment mixing, suspended 
sediment concentration models failed to predict the across-shore variations of the sediment 
suspension, especially at the plunging breaker-line. Wave-energy dissipation rate provided an 
accurate method for estimating the intensity of turbulence generated by wave breaking. By 
incorporating the breaking-induced turbulence, the combined breaking and turbulence length 
model reproduced the across-shore variation of sediment suspension in the surf zone. The 
combined model reproduced the measured time-averaged suspended sediment concentration 
profiles reasonably well across the surf zone.
Key words sediment transport, suspended sediment transport, wave breaking, coastal
morphodynamics, coastal processes, beach processes, surf zone, physical modeling
1 Introduction*
The surf zone, where ocean waves break, is the most ac‑
tive area for sediment transport, especially the suspension 
of sand‑sized grains. The energy associated with wave mo‑
tion is dissipated rapidly in the narrow surf zone with the 
generation of intense turbulence, resulting in extremely 
active sediment suspension and mixing throughout the 
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entire water column. Typically, a much high suspended 
sediment concentration is measured under breaking waves 
than under non‑breaking waves (e.g., Kana, 1979; Stern‑
berg, 1989; Sternberg et al., 1989; Zampol and Inman, 
1989; Zampol and Waldorf, 1989; Van Rijn, 1993). Surf 
zone sediment suspension is influenced by many factors, 
including sediment properties, bottom shear stress, turbu‑
lence intensity, water depth, beach slope, wave‑induced 
orbital velocity, and surf zone currents.
Several methods have been developed to measure sus‑
pended sediment concentration. Direct measurement in‑
volves sampling of a certain volume of water and deter‑
Marine sedimentology
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mining the amount of sediment particles in that volume. 
A variety of sampling devices, ranging from specially 
designed sampling bottles (Kana 1979; Zampol and Wal‑
drof, 1989) to controllable pump suction apparatus (e.g., 
Bosman et al., 1987), is available. A concentration profile 
is typically obtained by using the vertical array of the sam‑
pling device. Direct measurement is usually limited in tem‑
poral resolution, confined either by the discrete bottle sam‑
pling typically operating instantaneously or by relatively 
long sampling intervals, in terms of minutes of pumping. 
Acoustic and optical sensors have been developed to al‑
low sampling of suspended sediment concentration at high 
frequencies (e.g., Sternberg, 1989; Sternberg et al., 1989; 
Hay and Sheng, 1992; Osborne and Greenwood, 1993). 
These sensors can be colocated and synchronized with ve‑
locity sensors and provide simultaneous measurements of 
concentration and velocity. In addition, most sensors can 
be deployed autonomously for an extended period of time, 
e.g., weeks to months. Compared to the manually‑oper‑
ated direct bottle sampling, temporal resolution is greatly 
improved, but the spatial coverage is often limited by the 
high cost of the sensors. The indirect methods also require 
calibration using direct methods.
In the present study, processes of sediment suspension 
were investigated in the three‑dimensional movable bed 
Large‑scale Sediment Transport Facility (LSTF) at the 
U.S. Army Engineer Research and Development Center 
(Hamilton and Ebersole, 2001; Hamilton et al., 2001; 
Wang et al., 2002a, 2002b, 2003; Wang and Kraus, 2004; 
Smith et al., 2009) (Fig. 1). Two irregular, long‑crested 
unidirectional wave conditions, one that resulted in pri‑
marily spilling breakers, and one in dominantly plunging 
breakers, were generated. The TMA spectra (Bouws et al., 
1985), with the spectral width of 3.3 parameter represent‑
ing sea‑type of waves, were generated. Sediment concen‑
trations were measured at several locations across the surf 
zone together with measurements of wave, current, and 
bottom profiles. The present study is focused on the mod‑
eling of time‑averaged suspended sediment concentration 
profile. Temporal and spatial variations of sediment con‑
centration in the surf zone were discussed in Wang et al. 
(2002b). 
The objectives of this study are to: (1) examine the 
characteristics of time‑averaged suspended sediment con‑
centration profiles under spilling and plunging breakers 
and across the surf zone; (2) investigate the various factors 
controlling the surf zone sediment suspension; (3) evaluate 
some of the existing models for predicting the concentra‑
tion profiles across the surf zone; and (4) develop an im‑
proved concentration‑profile model for surf zone sediment 
transport.
2 Modeling time-averaged suspended 
sediment concentration profiles
The initiation of sediment motion at the bed is induced 
by the bottom shear stress. Once the sediment motion is 
initiated, mixing through the water column is controlled 
by sediment diffusivity, which is in turn related to the tur‑
bulence intensity. The turbulent mixing of sediment grains 
is countered by the settling due to gravitation. In the surf 
zone, in addition to the turbulence generated by bottom 
friction, intense turbulence is produced by wave breaking, 
resulting in active sediment mixing through the water col‑
umn. Accurately quantifying the turbulence intensity, and, 
therefore, the sediment diffusivity, is crucial to the modeling 
of suspended sediment concentration profile.
A commonly used approach to quantify turbulence in‑
tensity (or sediment diffusivity) in the surf zone is based 
on Battjes (1975, 1988) and Battjes and Stive (1985). It 
assumes that sediment diffusivity (εs) in the surf zone is 
proportional to the total energy dissipation (D):
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where ρ is the density of water and h is water depth. The 
total energy dissipation D can often be partitioned as: 
D D D Db w c= + +  (2) 
where Db  is the energy dissipation associated with wave 
breaking. Dc  and Dw  are energy dissipation due to bot‑
tom friction from current and from wave motion, re‑
spectively. In the surf zone with active wave breaking, Db
tends to be much greater than Dc  and Dw . 
The sediment concentration profile can be obtained by 
solving the sediment convection and diffusion equation: 
( )
( )
0C z w
dz
dC z
s sf+ =  (3)
where ( )C z  describes the suspended sediment concentra‑
tion profile, z  is the vertical coordinate, and ws  is sediment 
fall velocity. Equation (3) is valid where sediment concen‑
tration is low and fall velocity is essentially constant. 
Different vertical distribution of sediment mixing coef‑
ficient ( sf ) results in different solution of the concentra‑
tion profile. Numerous studies were conducted to quan‑
tify the distribution of the sediment mixing coefficient 
( sf ) through the water column, as summarized by Nielsen 
(1992), Van Rijn (1993), and Soulsby (1997). A recent 
summary was provided by Van Rijn (2007a, 2007b). For 
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relatively fine sediment (e.g., fine sand) at low concentra‑
tion, four distribution patterns of sediment diffusivity were 
developed, including constant (Eq. 4), linear (Eq. 5), para‑
bolic (Eq. 6), and parabolic‑constant (Eqs. 7, 8):
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where 1a  and 2a  are empirical coefficients, k is the van Kar‑
mon’s constant (typically equals 0.4) and u*  is the shear 
velocity. Equation (3) can be solved analytically based 
on the above formulations of sediment diffusivity (Eqs. 
4-8). Different vertical distribution of sediment diffusiv‑
ity leads to a different shape of the sediment concentra‑
tion profile. The constant sediment diffusivity yields an 
exponential concentration profile (Eq. 9), while the linear 
or parabolic distribution of sediment diffusivity results 
in a power function concentration profile (Eqs. 10, 11):
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where Ca  is the reference concentration, a is elevation 
where the reference concentration is defined, and a1 , a2 , 
and b  are empirical coefficients. 
3 Existing models 
Numerous measurements, both laboratory and field, 
have shown that time‑averaged suspended sediment con‑
centration decreases logarithmically upward (e.g., Eq. 9) 
through the water column. In the surf zone, due to the ac‑
tive turbulence generation from the water surface by wave 
breaking, it can be assumed that the sediment mixing coef‑
ficient ( sf ) is constant through the water column, which 
leads to the exponential function solution. Equation (9) is 
Fig. 1 The Large‑scale Sediment Transport Facility (LSTF), showing the instrument bridge (middle) and the flow channels and sedi‑
ment traps (lower).
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often generalized as:
( ) expC z C
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Adopting a concept of mixing length Ls , Nielsen (1984a, 
1984b, 1986) developed a commonly used time‑averaged 
suspended sediment concentration model as: 
( ) expC z C
L
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Based on a sediment suspension study over a rippled 
bed under non‑breaking waves, Nielsen (1984a, 1984b, 
1986) suggested:
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where 2 /Tr~ = , is the wave angular frequency, rD  is the 
ripple height, and Adt  is the near bed peak orbital excur‑
sion determined based on significant wave height (Hs ) 
and peak wave period (Tp ) as:
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where Udt  is the near‑bed peak orbital velocity. Adopting the 
linear wave theory, Udt  is determined based on significant 
wave height, peak wave period, and wave length (L) as:
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The commonly used Nielsen (1984a, 1984b, 1986) 
model was derived from non‑breaking wave conditions 
and does not consider the intense turbulence generated by 
wave breaking. 
The reference concentration, Ca , in the Nielsen model 
(Eq. 13) was obtained by fitting an exponential function to 
measured sediment concentration profiles and extrapolat‑
ing this function to the mean bed level at z = 0. Nielsen 
(1984a, 1984b) suggested that: 
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where st  is the density of sediment and the particle mobil‑
ity parameter:
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in which rm  is the ripple length and the effective particle 
mobility parameter:
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related friction factor:
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where d50  is the median grain size. 
Van Rijn (1993) developed another commonly used 
model predicting time‑averaged suspended sediment con‑
centration profile based on Equation (1) by quantifying the 
sediment diffusivity sf  from a different approach from that 
of Nielsen (1984a, 1984b, 1986). Based on a series of lab‑
oratory measurements of Bosman (1982), Van Rijn (1993) 
suggested a 3‑layer model describing the wave‑induced 
sediment mixing coefficient:
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where sd  is the thickness of the near bed sediment mixing 
layer and h is the water depth. Van Rijn (1993) suggested 
that for ripple regime: 
3s rd D=        (25) 
where rD  is the ripple height. For sheet‑flow regime: 
3s wd d=  (26) 
where wd  is wave boundary layer thickness. Little is 
known about the wave boundary layer in the surf zone. 
The time‑averaged sediment concentration profile was 
then determined from the 3‑layer model:
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where a is the level where the reference concentration Ca
is defined. Van Rijn (1993) suggested that .a 0 5 rD=  for 
ripple regime. For sheet flow regime, a k ,s w= , where k ,s w
is wave‑related bed roughness and a value of 0.01 was sug‑
gested. Other parameters in Equations 27 through 29 are 
determined as:
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the near‑bed sediment mixing coefficient 
. D U0 004, *s bed sf d= dt (34) 
the near‑surface sediment mixing coefficient 
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and was found to range from 0.05 to 0.2. The reference 
concentration Ca  is defined as the concentration at level a 
and is determined as: 
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and the bed‑shear stress parameter: 
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where ,b crx  is the critical bed‑shear stress using the Shields 
formulation. , , ,b w w a b wx n x=l  is the effective wave‑related, 
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with a maximum value of 0.3. The wave‑related bed rough‑
ness 3 3k d,s w r90 D= +  for rippled bed and .k 0 01,s w =  for 
sheet‑flow condition. Although the form of the friction 
factor (Eq. 41) is identical with that of the Nielsen model 
(Eq. 21), the bottom roughness is defined differently in the 
Van Rijn model. 
The Van Rijn (1993) model was developed based main‑
ly on experiments under non‑breaking waves, similar to 
the Nielsen (1984a, 1984b, 1986) model. Van Rijn (1993) 
suggested that with proper description of sediment fluid 
interaction the above model (Eqs. 27-29) should also pro‑
vide reasonable estimates of the suspended sediment con‑
centration profile under breaking waves. It is worth noting 
that the reference concentration Ca  and the reference level 
(a) were defined differently in these two models, reflecting 
the limited understanding of fluid‑bed interaction. 
Both the Nielsen (1984a, 1984b, 1986) and Van Rijn 
(1993) models as described above do not have terms de‑
scribing the much elevated turbulence intensity associated 
with wave breaking. Adopting the concepts of Battjes 
(1975, 1988) on the relationship between the sediment 
mixing coefficient and surf zone wave energy dissipation 
(Eq. 1), Larson and Kraus (2001) and Kraus and Larson 
(2001) suggested that the sediment mixing coefficient sf
can be estimated as:
k
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where kd  is an empirical coefficient expected to be inde‑
pendent of grain size. The above approach implies that the 
shape and magnitude of surf zone sediment suspension 
can be modeled by the wave‑energy dissipation associated 
mostly with wave breaking. The energy‑dissipation rate at 
the across‑shore location x, D(x), is given by: 
( )
g g
D x
x
EC
x
H h
8
1
g
2
2
2
2
2 t
= =
^ `h j
(43)
where E is the wave energy, Cg  is the group velocity ap‑
proximated as gh /1 2^ h  in shallow water, and H is the break‑
ing wave height. Larson and Kraus (2001) defined a decay 
coefficient m  as:
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since /D /1 3t^ h  carries the dimension of m/s and cancels 
with the fall speed ws , the coefficients kd  and m  are dimen‑
sionless. Substituting Equations (44) and (42) into (12) 
gives (Larson and Kraus, 2001): 
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Various approaches, including both analytical and 
numerical models, have been developed to estimate the 
wave‑energy or wave‑height dissipation (e.g., Dean, 
1977; Dally et al., 1985; Larson and Kraus, 1989; Krie‑
bel et al., 1991). In this study, the wave‑energy dissipa‑
tion rate was obtained directly from wave measurements 
across the surf zone, instead of from analytical or nu‑
merical models. 
4 A combined model 
The Larson and Kraus (2001) model implies that sedi‑
ment suspension pattern, at least through most of the upper 
water column, is dominated by turbulence generated by 
wave breaking and the associated wave‑energy dissipation. 
Sediment suspension contributed by wave orbital motion 
and the associated bottom shear stress, as described in the 
Nielsen (1984a, 1984b, 1986) and Van Rijn (1993) mod‑
els, was not directly considered. However, it can be argued 
that both the wave‑breaking induced turbulence and the 
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wave orbital velocity should play significant roles in shap‑
ing the suspended sediment concentration profiles. In the 
following, a simple model that combines the influences of 
both turbulence and orbital motions is proposed. 
The Nielsen (1984a, 1984b, 1986) model was de‑
veloped based on studies of sediment suspension under 
non‑breaking waves. Only the intensity and the length of 
wave orbital motions were considered. In the surf zone, it 
is also necessary to incorporate the turbulence generated 
by wave breaking. The Larson and Kraus (2001) model re‑
lated turbulence generation with wave‑energy dissipation. 
Therefore, a combination of the Larson and Kraus (2001) 
and Nielsen (1984a, 1984b, 1986) models would include 
contributions from both wave‑orbital motions and break‑
ing‑induced turbulence. Combining the Kraus‑Larson (Eq. 
45) and Nielsen (Eq. 13) models the author gives 
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t
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The parameters in Equation (46) are determined based 
on the methods of Nielsen (1984a, 1984b, 1986) and Larson 
and Kraus (2001), as discussed in the previous sections. 
The above models, including those of Nielsen (1984a, 
1984b, 1986), Van Rijn (1993), Larson and Kraus (2001), 
and the combined Larson‑Kraus‑Nielsen, are examined 
in comparison with the sediment concentration profiles 
measured at the LSTF. The capability of each model in 
predicting sediment concentration profiles across the en‑
tire surf zone (excluding the swash zone) is evaluated. 
5 Measuring sediment concentration 
profiles at the LSTF 
The above models are examined using the LSTF data 
collected under two breaking‑wave conditions. Wave con‑
dition one, resulted in a predominantly spilling type of 
breaking, and condition two, resulted in plunging break‑
ing. Detailed discussions on the capabilities of the LSTF, 
as well as the procedures of planning and executing LSTF 
sediment transport measurements are discussed in Hamil‑
ton et al. (2001) and Wang et al. (2002a). The LSTF has 
dimensions of 30 m across‑shore, 50 m long shore, and 
has walls 1.4 m high (Fig. 1). The long‑crested and unidi‑
rectional irregular waves were produced by four synchro‑
nized wave generators oriented at a 10° angle to the shore‑
line. The beach was arranged in a trapezoidal plan  shape 
corresponding to  the obliquely  incident waves.
The beach is composed of approximately 150 m3 of 
very well sorted, fine quartz sand with a median grain size 
of 0.15 mm and a fall speed of 1.8 cm/s calculated based 
on Hallermeier (1981). The sand beach was approximately 
25 cm thick over the planar concrete base and extended 27 
m along‑shore and 18 m across‑shore, of which 15 m was 
below still‑water level and 3 m was above. The alongshore 
current generated by the oblique incident waves was circu‑
lated with 20 programmable turbine pumps through 20 flow 
channels at the updrift and downdrift ends. The influences 
of the lateral boundaries can be minimized by properly cir‑
culating the wave‑generated longshore current. Detailed 
procedures for regulating the pumps for the along‑shore 
current circulation are discussed in Hamilton and Ebersole 
(2001). Twenty 0.75 m wide and 6 m long bottom traps 
were installed at the downdrift end (in the flow channels) 
to measure the depth‑integrated along‑shore sediment flux 
(Fig. 1, bottom).
Sediment concentration profiles were measured using 
four arrays of the Fiber Optical Backscatter (FOBS) sen‑
sors developed by Beach et al. (1992). Each FOBS array 
consists of 19 sensors. The vertical spacing of the sensors 
increased roughly exponentially upward, ranging from 
1 cm in the lower portion of the array to 6 cm in the up‑
per portion. The elevations of the FOBS sensors are con‑
trolled by referring the sensors to the bottom one, which 
is deployed directly on the bottom. The bottom sen‑
sor is identified easily as the one with “out of bound” 
voltage reading. The FOBS sensors have a vertical resolu‑
tion of 0.5 cm. The FOBS arrays were anchored on the 
steel instrument bridge and could be positioned at any 
across‑shore location. By positioning the instrument bridge 
at desirable along‑shore locations, the sediment concen‑
tration measurements can be conducted at numerous 
along‑shore and across‑shore locations in the surf zone.
In this study, the sediment concentration profiles were 
measured at seven across‑shore locations. They were at 
2.7, 4.1, 5.7, 7.1, 8.5, 10.1 and 11.6 m from the still‑water 
shoreline, respectively. The main breaker zone of the ir‑
regular waves spanned approximately from 10 m to 13 m. 
The nineteen vertical locations of the sensors were fixed 
and they were at 0, 1, 2, 3, 4, 5, 6, 7, 9, 11, 13, 15, 17, 21, 
27, 33, 39, 45 and 51 cm from the bottom, respectively. 
The sensors were sampled at 16 Hz for 10 min. The FOBS 
sensors were calibrated with the test sand. Third‑order 
polynomial formulations obtained from curve fitting were 
used to convert the voltage output to sediment concen‑
tration in the units of g/l. The correlation coefficient R2
values for the sensors that are used in this analysis are all 
above 0.99.
The two input wave conditions and surf zone character‑
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istics are summarized in Table 1. The generated wave and 
surf zone conditions are comparable to average conditions 
along many low wave‑energy coasts, such as those along 
the Gulf of Mexico (Wang and Davis, 1998). The objec‑
tives of these two experiments were to examine sediment 
suspension and transport under the two different forms of 
wave‑breaking, i.e., spilling and plunging breakers. In or‑
der to generate end‑member spilling breakers, very steep 
waves were generated. The fall‑speed parameter N0 , or the 
Dean number (Dean, 1973), was 10.0 for the spilling case 
and 4.4 for the plunging case. The Dean number was de‑
fined as:
N
w T
H
s
0
0=  (47)
where H0 is deep‑water wave height and T is the peak 
wave period. Wave height and period were measured us‑
ing capacitance wave gauges sampling at 20 Hz. Acous‑
tic Doppler Velocimeters (ADVs) were used to measure 
current. The wave gauges and current sensors were colo‑
cated in the across‑shore direction. The wave and current 
measurements were synchronized. Wave and current were 
measured at 10 across‑shore locations, including the above 
seven where sediment concentration measurements were 
conducted. The significant wave height and peak wave 
period were calculated based on spectral analysis of the 
water‑level data collected by the capacitance wave gaug‑
es. The FOBS sensors, which were later additions to the 
LSTF, were operated through a separate data acquisition 
system, independent of the wave‑current sampling system. 
There was an approximately 3 s delay of the wave/current 
sampling relative to the sediment concentration sampling. 
This slight time offset should not have significant influ‑
ence on the study of time‑averaged properties.
Time‑averaged sediment concentration profiles are used 
here to compare with the modeled profiles. Some of the 
FOBS sensors, especially those high in the water column, 
were frequently exposed during the passages of a wave 
trough. If a voltage output was lower than the “clear‑wa‑
ter” reading obtained during the calibration, that particular 
point was removed and replaced with a zero concentration, 
assuming that the sensor was exposed. Sediment concen‑
trations were measured at various along‑shore locations 
across the middle 15 m of the test beach. The along‑shore 
variation of time‑averaged sediment concentration was 
found to be small (Wang et al., 2002b). In the following dis‑
cussion, the along‑shore averaged sediment concentration 
profiles were used to compare with the predicted profiles. 
The along‑shore averaging was conducted to eliminate the 
slight possibilities of along‑shore irregularities that might 
be caused by operational uncertainties such as that of po‑
sitioning the sensors in the water column. The along‑shore 
averaged profile should be more representative than the 
profile measured at a single along‑shore location.
6 Results and discussions
As discussed above, relatively detailed suspended sedi‑
ment concentration profiles across the entire surf zone 
were measured at the LSTF (Fig. 1). Since the generated 
wave conditions are comparable to average wave condi‑
tions along many low‑wave energy coasts, the LSTF data 
Table 1 Summary of wave and surf zone conditions
Conditions
Spilling
breaker
Plunging 
breaker
 Conditions at the wave generator (designed)
Water depth (m) 0.9 0.9
Significant wave height (m) 0.25 0.23
Peak wave period (s) 1.5 3.0
Wavelength (m) 3.4 8.7
Wave celerity (m/s) 2.2 2.9
Wave angle (°) 10 10
Deep‑water wave conditions (calculated)
Significant wave height (m) 0.27 0.24
Peak wave period (s) 1.5 3.0
Wave length (m) 3.5 14.0
Wave celerity (m/s) 2.3 4.7
Wave angle (°) 10.4 16.3
Wave steepness 0.077 0.017
Breaking wave conditions (measured)
Significant breaker height (m) 0.26 0.27
Main breaker angle (°) 6.5 6.4
Breaking water depth (m) 0.46 0.28
Breaker index 0.57 0.96
Surf zone conditions (measured)
Surf zone width # (m) 14.0 13.0
Surf zone slope ## 1:28 (0.035) 1:43 (0.023)
Surf similarity parameter 0.15 0.20
#:  The surf zone width includes the uprush zone above the still water 
shoreline.
##: The surf zone slope is calculated as the plane slope from the 
breaker point to the still water shoreline.
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are treated as a prototype in the following, and scale ef‑
fects that are typical of many physical models are not 
considered. The ability of the mathematical models, as 
discussed above, in predicting the sediment concentration 
profiles across the entire surf zone is examined, including 
the variations of sediment concentration throughout the 
water column as well as across the surf zone.
7 Measured suspended sediment con-
centration profiles across the surf zone
Time‑averaged sediment concentration was the greatest 
near the bottom and decreased rapidly upward through the 
water column across most of the surf zone (Fig. 2). Figure 2 
Fig. 2 Measured suspended sediment concentration profiles under spilling and plunging breakers, respectively, at various locations 
across the surf zone. As compared to other locations in the surf zone, the suspended sediment concentration decreases much slower at 
the breaker line, especially the plunging breaker line where nearly homogeneous concentration profiles were measured (panels A and B).
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compares suspended sediment concentration at the same 
across‑shore locations for the plunging and spilling cases. 
Within 3 cm above the bed, the sediment concentration 
was more than 1 g/l at nearly all across‑shore locations 
for both cases. Above 10 cm from the bed, the suspended 
sediment concentration was mostly less than 0.3 g/l. An 
exception occurred at the plunging breaker line, where 
suspended sediment concentration above 3 cm from the 
bed remained nearly constant ranging from 1 g/l to 3 g/l 
(Figs. 2A, 2B). This nearly homogeneous sediment con‑
centration at the plunging breaker line is apparently related 
to the intense turbulence and mixing generated by the en‑
ergetic plunging‑type of wave breaking and the resulting 
active sediment suspension.
At the main breaker line, suspended sediment concen‑
trations, more than 5 cm above the bed, were approximately 
one order of magnitude greater for the plunging case than 
for the spilling case (Figs. 2A, 2B). Greater sediment 
concentration under plunging breakers was also measured 
a short distance landward of the breaker line (Fig. 2C), in‑
dicating some influence of convection. Across most of the 
mid‑surf zone, except at 4.1 m from the shoreline (Fig. 2F), 
where greater suspended sediment concentration was meas‑
ured for the spilling case, sediment concentrations were 
similar under plunging and spilling breakers (Figs. 2D, 
2E, 2G).
Different from the sediment concentration higher in the 
water column, the near bottom sediment concentrations 
were rather similar for the spilling and plunging cases at 
all surf zone locations (Fig. 2). The remarkable similar‑
ity in near bottom sediment concentration at the breaker 
lines (Figs. 2A, 2B) is intriguing. The water depth and bot‑
tom conditions were substantially different at the breaker 
lines. The still water depth was nearly 30% shallower at 
the top of the bar under the plunging breaker compared to 
the spilling breaker (Fig. 2H). Under the plunging break‑
ers, the bed elevation changed rapidly in the vicinity of 
the breaker point bar, from seaward sloping to landward 
sloping.
Another important factor controlling sediment suspen‑
sion is the bottom characteristics, which have a strong in‑
fluence on bed roughness (e.g., Wikramanayake and Mad‑
sen, 1994a, 1994b). Different bed forms were measured 
under the plunging and spilling breakers, especially in the 
vicinity of the breaker line (Fig. 2H). For the plunging 
wave case, large, irregular ripples occurred on the seaward 
slope, and a relatively flat, featureless bed dominated the 
crest of the bar and its landward slope. Under the spilling 
breakers, the bed elevation remained relatively constant at 
the breaker line, and the entire surf zone was covered with 
reasonably regular ripples with heights of 1.0 cm to 1.2 cm 
and lengths of 6 cm to 9 cm.
The hydrodynamic conditions at the plunging and spill‑
ing breaker lines were substantially different with much 
more dramatic turbulence generation during the plung‑
ing breaking than during the spilling breaking. Observa‑
tions during the experiments indicated that the curling 
edge of the plunging breaker impinged close to if not di‑
rectly on the bottom. The near bottom root‑mean‑square 
across‑shore current (Ub rms- ), measured at ADV8 (11.6 m) 
at an elevation of 3 cm from bed, was much greater under 
the longer period plunging breakers than under the spill‑
ing breakers, 34 cm/s versus 19 cm/s (Fig. 3). Under the 
plunging breaker, a landward increase of the Ub rms-  was 
measured over the seaward slope of the bar. This is fol‑
lowed by a sharp decrease over the trough at ADV7 (10.1 
m), resulting in a similar Ub rms-  value there with the spill‑
ing case. The above across‑shore variations of the Ub rms-
under the plunging and spilling breakers seem to mimic 
the beach profile (Fig. 2H), suggesting a strong control of 
local water depth. These substantial differences in bed and 
turbulence conditions resulted in tremendous differences 
(over one order of magnitude) in suspended sediment con‑
centration throughout the upper 80% of the water column 
(Figs. 2A, 2B). However, the measured near bed concen‑
tration remained similar. Based on present understanding 
of sediment‑fluid interaction, the relatively featureless 
bed in the vicinity of the plunging breakers represents a 
sheet‑flow condition and is quite different from the rippled 
bed regime under the spilling breakers.
Fig. 3 Measured near bottom wave orbital velocity, at 3 cm 
above bed. This is assumed to be the velocity just above the wave 
boundary layer. Given the small incident wave angle (6.5°), the 
along‑shore component of the orbital velocity is neglected.
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Nearly identical near bed, time‑averaged sediment con‑
centrations were measured by Nielsen (1979), and summa‑
rized in Nielsen (1992), for non‑breaking waves and spill‑
ing breakers. A conclusion was drawn that except for the 
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extreme case of a plunging jet hitting the bed, the pickup 
rate at the bed and hence the near bed sediment concen‑
tration was not affected by the spilling breaking. Nielsen 
(1992) further concluded that the main effect of the tur‑
bulence from wave breaking is a vertical stretching of the 
concentration profile, i.e., greater concentration high in the 
water column. Data from the above two LSTF experiments 
seemed to indicate that even with substantial influence of 
the plunging jet, the near bed sediment concentrations 
were still remarkably similar. It is worth noting again that a 
fixed plunging point does not exist under irregular waves, 
instead, most waves break over a breaking zone.
Nearly identical near bed, time‑averaged concentra‑
tions were also measured by Bosman (1982), and sum‑
marized in Van Rijn (1993), under non‑breaking waves, 
spilling breakers, and plunging breakers. Bosman (1982) 
used direct pump‑suction samplers over a flat bed in the 
vicinity of the breaker line instead of optical sensors. No 
interpretation of the “approximately constant” near‑bed 
concentrations was provided.
8 Modeling suspended sediment con-
centration profile from the mixing‑
length approach of Nielsen
The Nielsen (1984a, 1984b, 1986) model was devel‑
oped over a rippled bed under non‑breaking waves. For 
the spilling case, relatively uniform ripples occur over the 
entire surf zone. Most of the ripples were 0.7 cm to 1.2 cm 
high and 6 cm to 10 cm long. In the following analyses, 
a representative ripple height of 1.0 cm and length of 8 
cm are used in Equations (14) and (15) for the spilling 
case. Under the plunging breakers, ripples formed in the 
mid‑surf zone, while in the vicinity of the breaker line, a 
relatively featureless bed was observed. Most of the rip‑
ples were 1.0 cm to 1.5 cm high and 8 cm to 12 cm long. A 
representative ripple height of 1.2 cm and length of 10 cm 
are used for the plunging case.
As discussed above, sediment suspension and mixing 
above and below 3 cm from the bed seem to be substan 
tially different (Fig. 2). In the following analyses, the thick‑
ness of the wave‑boundary layer is assumed to be 3 cm, 
based on this observation. This assumption allows the ap‑
plication of the measured near bed velocity (Ub rms- ), as dis‑
cussed above (Fig. 3), to be directly used in the modeling. 
The assumption also agrees approximately with the analy‑
sis of Van Rijn (1993), who suggested that the thickness 
of the near bed sediment mixing layer equaled three times 
the ripple height (Eq. 25). Peak orbital velocity (instead of 
RMS velocity), corresponding to significant wave height, 
is used in the Nielsen model (Eq. 17). In the present study, 
the peak orbital velocity is taken to be 1.4 times the Ub rms-
based on the assumption of a Rayleigh distribution.
The Nielsen model substantially over‑predicted the up‑
ward‑decreasing rates for both spilling (Fig. 4) and plung‑
ing (Fig. 5) cases. This is expected because the breaking 
induced turbulence is neglected. For the spilling case, the 
predicted near bottom sediment concentrations, at the top 
of the wave boundary layer 3 cm from the bed, were sub‑
stantially smaller than the measured concentration at all 
the locations. The differences between the predicted and 
measured concentrations increased from mostly within 
one order of magnitude to nearly two to three orders of 
magnitude from near the bottom to near the surface (Fig. 
4). One exception occurred just landward of the main spill‑
ing breaker line at 8.5 m from the shoreline, where the un‑
der‑prediction was mostly within one order of magnitude.
For the plunging case, the predicted near bottom sedi‑
ment concentrations, at the top of the wave boundary layer 
3 cm from the bed, matched the measured concentration 
reasonably well at most of the across‑shore locations (Figs. 
5A, 5C, 5D, 5E, 5F). One exception occurred at the main 
plunging breaker line at 10.1 m from the shoreline, where 
model significantly under‑predicted the near bottom sedi‑
ment concentration (Fig. 5B). The greater predicted near 
bottom sediment concentration for the plunging case (ex‑
cept at 10.1 m), as compared to the spilling case, is caused 
by the larger calculated value of the mixing length Ls . For 
the plunging case, Equation (15) was used to calculate the 
mixing length, while for the spilling case, Equation (14) 
was used based on the criteria, which resulted in a sub‑
stantially smaller Ls . A smaller Ls  value leads to a gentler 
sediment concentration profile, i.e., more rapid upward 
decrease (Eq. 13). High in the water column, the model 
under‑predicted the suspended sediment concentration 
by over two to three orders of magnitude in the vicinity 
of the main plunging breaker line (Figs. 5A, 5B). Across 
the mid‑surf zone, the predicted concentrations were still 
smaller than the measured, but largely within one order of 
magnitude (Figs. 5C, 5D, 5E, 5F).
Without incorporating the turbulence generated by the 
breaking wave, this version of the Nielsen (1984a, 1984b, 
1986) model failed to predict the across‑shore variations of 
the concentration profiles, especially for the plunging case. 
The measured concentration profiles are much steeper at 
the plunging breaker line than those across the mid‑surf 
zone (Fig. 5). These different slopes of the concentration 
profiles at different across‑shore locations were not pre‑
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dicted by the mixing length model for either the plunging 
or the spilling cases. This is expected due to the neglect of 
the breaking‑induced turbulence. The goal here is to ex‑
amine the capability of the Nielsen model in predicting the 
sediment concentration near the bed. The mixing length 
calculated by Equation (15) yielded near bed concentra‑
tion that is closer to the measured values. It is worth noting 
that when the values of 
w
A
s
~ dt  were close to 15, Equations 
(14) and (15) gave considerably different Ls values for the 
LSTF cases.
9 Modeling suspended sediment con-
centration profile using the 3‑layer 
model of Van Rijn
The Van Rijn (1993) model divides the concentration 
profile into three segments, with different sediment diffu‑
sivities for each layer. Based on Equations (25) and (26) 
and the ripple height of 1.0 cm and 1.3 cm for spilling and 
plunging cases, respectively, the thickness of the near bed 
sediment mixing layer, sd  is smaller than 5 cm. According 
to Van Rijn (1993), sd = 0.05 m should be used. In the vi‑
cinity of the plunging breaker line, bed ripples are largely 
absent, indicating a sheet‑flow condition. Because little is 
known about the thickness of the wave‑boundary layer un‑
der plunging breakers, the same sd  value of 0.05 m is used 
for simplicity despite the different bed regime. Orbital ve‑
locity measured at 3 cm above bed as used in the above 
modeling from the mixing length approach of  Nielsen 
(1984a, 1984b, 1986) is also applied here to represent the 
near bed velocity. This allows direct comparison of the two 
models.
The measured and calculated sediment concentrations 
for spilling and plunging cases are compared in Figures 6
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Fig. 4 Comparison between the measured suspended sediment concentration profiles and the predicted ones using the Nielsen model 
for the spilling‑breaker case. Without incorporating the additional turbulence generated by wave breaking, the predicted concentrations 
are much smaller than the measured ones. Also, the different profile shapes across the surf zone were not predicted.
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and 7, respectively. Overall, the predicted concentrations 
by this version of the Van Rijn (1993) model are sig‑
nificantly lower than the measured concentrations. The 
near bottom concentrations at 1 cm above the bed were 
under‑predicted by nearly one order of magnitude at al‑
most all the across‑shore locations for both spilling and 
plunging cases. The under‑prediction increased to more 
than two orders of magnitude high in the water column, 
especially at the plunging breaker line (Figs. 7A, 7B). The 
shape of the predicted profiles reflects the three segments 
with a reduced rate of upward decreasing in the upper half 
of the water column. This reduced rate of upward decreas‑
ing is also measured at most locations across the surf zone 
(Figs. 6, 7). The Van Rijn (1993) model correctly captured 
the shape change of the concentration profile.
Similar to the mixing‑length model of Nielsen (1984a, 
1984b, 1986), the Van Rijn (1993) model excluding break‑
ing‑induced turbulence failed to reproduce the different 
slope of the concentration profiles at different across‑shore 
locations. At the plunging breaker line, the measured 
concentration profiles are much steeper than the profiles 
at other across‑shore locations. However, without distin‑
guishing between breaking and non‑breaking waves, the 
model predicted a similar slope. The goal here is to investi‑
gate the model’s ability to reproduce the complex shape of 
the measured concentration profiles. The Van Rijn (1993) 
model correctly captured the reduced rate of concentration 
decrease up in the water column.
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Fig. 5 Comparison between the measured suspended sediment concentration profiles and the predicted ones using the Nielsen model 
for the plunging breaker case. Without incorporating the additional turbulence generated by wave breaking, the predicted concentra‑
tions are much smaller than the measured ones, especially at the plunging breaker line. Also, the apparently different profile shapes 
across the surf zone were not predicted.
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10 Modeling suspended sediment con-
centration profile from the energy‑
dissipation approach of Larson and 
Kraus
The energy‑dissipation rates across the surf zone were 
calculated directly from the wave measurements at the 
across‑shore array of wave gauges. Given that the wave 
gauges are rather closely spaced, the energy dissipation 
obtained from adjacent gauges should be accurate. A great‑
er rate of wave‑height decay, and therefore, wave‑energy 
decay, occurred at the plunging breaker line at 11-12 m 
from the shoreline (Fig. 8) due to the intense plunge break‑
ing and turbulence generation. Larson and Kraus (2001) 
did not discuss the determination of the reference concen‑
tration. Therefore, the present version of the Larson and 
Kraus (2001) model provides estimation of the shape of 
the concentration profile. In the following, the reference 
concentration was determined through curve fitting. Based 
on the streamer sediment trap data of Kraus and Dean 
(1987) for a nominal grain size of 0.2 mm, Kraus and Lar‑
son (2001) suggested a kd value (Eqs. 44, 45) of 0.03. It is 
worth nothing that the streamer traps measure along‑shore 
sediment flux, the product of sediment concentration and 
along‑shore current velocity.
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Fig. 6 Comparison between the measured suspended sediment concentration profiles and the predicted ones using the Van Rijn model 
for the spilling breaker case. Without incorporating the additional turbulence generated by wave breaking, the predicted concentrations 
are much smaller than the measured ones. Also, the different profile shapes across the surf zone were not predicted.
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Sediment suspension within 3 cm from the bottom was 
dominated by the dynamics of the wave‑boundary layer. 
The Larson and Kraus (2001) model focuses on the influ‑
ences of wave‑breaking induced turbulence on sediment 
mixing, which dominates sediment suspension above the 
wave boundary layer. In the following discussion, only 
the suspended sediment concentration profile above 3 cm 
from the bed is considered.
For the spilling wave case, .k 0 03d =  yielded concen‑
tration profiles that are too steep at most of the across‑shore 
locations, as compared to the measured LSTF data (Fig. 9). 
Exceptions occurred at the secondary breaker line at 4.1 m 
and 5.7 m from the shoreline (Figs. 9E, 9F). Greater rates 
of wave‑energy dissipation were measured at the second‑
ary breaker line (Fig. 8), leading to the more active mixing 
of the sediment high in the water column, as measured. It 
is also worth noting that the measured sediment concen‑
tration profiles at the above two locations were steeper un‑
der the spilling breakers than under the plunging breakers 
(Fig. 2). At the rest of the locations, the upward‑decreasing 
rate of sediment concentration was under‑predicted by the 
Larson and Kraus (2001) model with .k 0 03d =  (Fig. 9). 
A smaller kd  value of 0.01 provided much improved fits at 
5 out of the 7 locations, including at the spilling breaker 
line (Figs. 9A, 9B, 9C, 9D, 9G). Overall, the Kraus and 
Larson (2001) model predicted steeper concentration pro‑
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Fig. 7 Comparison between the measured suspended sediment concentration profiles and the predicted ones using the Van Rijn model 
for the plunging breaker case.Without incorporating the additional turbulence generated by wave breaking, the predicted concentrations 
are much smaller than the measured ones, especially at the plunging breaker line. Also, the different profile shapes across the surf zone 
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files at the breaker line and gentler profiles in the mid‑surf 
zone (Fig. 9H). This agrees with the measured trend and 
constitutes an important aspect of the modeling.
The reference concentration Ca  was determined empiri‑
cally to produce a least‑square‑fit between the measured 
and predicted profiles. The values of Ca  were influenced 
by the kd value. The Ca  values illustrated in Figure 9 were 
determined based on .k 0 01d = . The shape of the predict‑
ed profile was not influenced by the reference concentra‑
tion Ca , which is a scale parameter. Determination of Ca
is discussed in the next section. The goal here is to inves‑
tigate the ability of the Larson and Kraus model (2001) 
in reproducing the across‑shore variation of the suspended 
sediment concentration profiles.
More than one order of magnitude greater suspended 
sediment concentrations were measured high in the wa‑
ter column in the vicinity of the plunging breaker line, as 
compared to the spilling breaker case (Figs. 2A, 2B). 
Figure 10 compares the predicted (Eq. 45) and measured 
concentration profiles across the surf zone under the plung‑
ing breakers. Due to the intense turbulence generated at 
the plunging breaker line, as also reflected in the great rate 
of measured wave‑energy dissipation, a significant amount 
of sediment was suspended high into the water column. 
The larger kd  value of 0.03 reproduced the steep concen‑
tration profile at the plunging breaker line better than the 
smaller value of 0.01 (Figs. 10A, 10B). The smaller kd  val‑
ue yielded better prediction of the concentration profiles 
across most of the mid‑surf zone (Figs. 10C, 10D, 10E), 
except at the secondary breaker line at 4.1 m from the 
shoreline (Fig. 10F). In Figure 10, the Cb  values were de‑
termined empirically based on .k 0 03d = . The model pre‑
dicted steeper concentration profile at the plunging breaker 
line due to the greater rate of wave‑energy dissipation, as 
compared to the other portions of the surf zone (Fig. 10H). 
However, the model under‑predicted the difference in up‑
ward sediment concentration decrease. Different kd  values 
were necessary to model the different profile shapes at the 
plunging breaker line and across the mid‑surf zone.
11 Modeling suspended sediment con-
centration profile using the com-
bined Larson-Kraus-Nielsen model
Based on the observation that the near bed sediment 
concentration remains rather similar regardless of the 
forms and intensities of breaking, it is reasonable to as‑
sume that the breaking‑generated turbulence did not have 
significant influence on the pickup of sediment grains at 
the bed. Wave breaking and the subsequent intense turbu‑
lence play a dominant role in mixing sediment high into 
the water column, and therefore have a significant influ‑
ence on the shape of the concentration profile. These jus‑
tify the combination of the Larson and Kraus (2001) and 
Nielsen (1984a, 1984b, 1986) models. The rather simple 
Nielsen model is used here to calculate the reference con‑
centration, while the Larson and Kraus (2001) model de‑
scribes the intense breaking‑induced turbulence. The sedi‑
ment concentration within the wave‑boundary layer, or the 
near bed sediment mixing layer (e.g., Van Rijn, 1993), is 
not included in this effort.
The measured and calculated sediment concentration 
profiles are compared in Figures 11 and 12. Overall, the 
reference concentration obtained from the Nielsen (1984) 
model compared reasonably well with the measured values, 
mostly within one order of magnitude. Except at the plung‑
ing breaker line (Figs. 12A, 12B), where kd = 0.03 was used, 
the kd value of 0.01 was used at the spilling breaker line 
(Figs. 11A, 11B) and across most of the surf zone.
12 Conclusions
The magnitudes and shapes of time‑averaged suspended 
sediment concentration profiles vary substantially across 
the surf zone and under different types of breaking waves. 
Despite the several orders of magnitude difference in sedi‑
ment concentration high in the water column, sediment 
concentration within 3 cm from the bed remained rather 
similar, ranging from 1 g/l to 10 g/l under a variety of bot‑
tom and wave conditions. Extremely active turbulence and 
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Fig. 10 Comparison between the measured suspended sediment concentration profiles and the predicted ones using the Larson and 
Kraus model for the plunging breaker case. The different profile shapes across the surf zone were predicted. The value of kd  =0.01 
yielded close fit with the measured profiles in the mid‑surf zone, while kd  = 0.03 yielded closer fit at the plunging breaker line and the 
secondary breaker line.
Vol. 1  No. 2 189
Ping Wang: Measuring and modeling suspended sediment concentration profiles 
  in the surf zone
sediment mixing occurred at the plunging breaker line, re‑
sulting in a nearly homogeneous sediment concentration 
profile throughout most of the water column. A spilling 
type of breaking generates much less turbulence and sedi‑
ment mixing than the plunging breakers and results in a 
concentration profile that is modestly steeper than the rest 
of the surf zone. Steep concentration profiles were also 
measured at the secondary breaker line near the shoreline.
Each of the four suspended sediment concentration 
models, i.e., the mixing length approach by Nielsen 
(1984a, 1984b, 1986), segment model by Van Rijn (1993), 
wave‑energy dissipation approach by Larson and Kraus 
(2001), and a combined Larson‑Kraus‑Nielsen model 
developed by this study, has certain advantages and dis‑
advantages. The Nielsen model has simple parameteriza‑
tion and reproduced the measured near bottom sediment 
concentration reasonably well. The Van Rijn model cor‑
rectly represented the complex shape change high in the 
water column. Neglecting the breaking‑induced turbu‑
lence and subsequent sediment mixing, the versions of the 
Nielsen and Van Rijn models used here failed to predict 
the across‑shore variations of the sediment concentration 
profile, especially at the plunging breaker‑line. Wave en‑
ergy dissipation rate provides an accurate tool to quantify 
the intensity of turbulence generated by wave breaking. By 
incorporating the breaking‑induced turbulence, the Larson 
and Kraus model reproduced the across‑shore variation 
of sediment suspension in the surf zone. By adopting the 
Nielsen model for the calculation of reference concentra‑
tion, the combined Larson‑Kraus‑Nielsen model repro‑
duced the measured time‑averaged suspended sediment 
concentration profiles reasonably well across the surf zone.
Fig. 11 Comparison between the measured suspended sediment concentration profiles and the predicted ones using the combined 
Larson‑Kraus‑Nielsen model for the spilling breaker case. The different profile shapes across the surf zone were predicted. The value 
of kd = 0.01 was used.
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Notations
a:  elevation where the reference concentration is de‑
fined (m)
Adt :  near bed peak orbital excursion determined based 
on significant wave height (m)
( )C z :  suspended sediment concentration profile (di‑ 
mensionless)
Ca : reference concentration (dimensionless)
Cg : group velocity (m/s)
( )D x : energy‑dissipation rate (kg/m6)
D : total energy dissipation (kg/m6)
d50 : median grain size (m)
Db :  energy dissipation associated with wave breaking 
(kg/m6)
Dc :  energy dissipation due to bottom friction from cur‑
rent (kg/m6)
Dw :  energy dissipation due to bottom friction from 
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Fig. 12 Comparison between the measured suspended sediment concentration profiles and the predicted ones using the combined 
Larson‑Kraus‑Nielsen model for the plunging breaker case. The different profile shapes across the surf zone were predicted. The value 
of kd = 0.03 was used at the plunging breaker line, while value of kd = 0.01 was used across the rest of the surf zone.
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wave (kg/m6)
D* : sediment particle size parameter (dimensionless)
E : wave energy (kg/s2)
f l: grain‑related friction factor (dimensionless)
g : gravitational acceleration (m/s2)
H : breaking wave height (m)
h : water depth (m)
Ho : deep water wave height (m)
Hs : significant wave height (m)
kd : an empirical coefficient (N/m2) 
k ,s w : wave‑related bed roughness (m)
L : wave length (m)
Ls : mixing length (m)
No : Dean number (dimensionless)
T : wave period (s)
Ta : bed‑shear stress parameter (dimensionless)
Tp : peak wave period (s)
Udt : near bed peak orbital velocity (m/s)
u* : shear velocity (m/s)
ws : sediment fall velocity (m/s)
x : across‑shore location (m)
z : vertical coordinate (m)
1a : empirical coefficients (dimensionless)
2a : empirical coefficients (dimensionless) 
b : empirical coefficients (dimensionless)
m : decay coefficient (dimensionless)
rm : ripple length (m)
sf :  sediment diffusivity in the surf zone (dimension‑
less)
,s bedf :  near bed sediment mixing coefficient (dimension‑
less)
,maxsf :  near surface sediment mixing coefficient (dimen‑
sionless)
k :  van Karmon’s constant (typically equals 0.4, dimen‑
sionless)
t : density of water (kg/m3)
st : density of sediment (kg/m3)
~ : wave angular frequency (1/s)
rD : ripple height (m)
sd : thickness of the near bed sediment mixing layer (m)
wd : wave boundary layer thickness (m)
,w an : efficiency factor (dimensionless)
,b crx : critical bed‑shear stress (N/m2)
,b wx : wave‑related bed‑shear stress (N/m2)
,b wxl : effective wave‑related bed‑shear stress (N/m2)
il:  effective particle mobility parameter (dimension‑
less)
ri : particle mobility parameter (dimensionless)
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